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Abstract

Mathematical modelling of the unsteady-state of a unit molten carbonate fuel cell (MCFC) has been made. The behaviour of the fuel
cell at the beginning of the operation is observed. The effects of the molar flow rates of gases and the utilization of fuel gas are studied.
The current density decreases with time and reaches a steady-state value of 0.14 A cm−2 at 0.58 s for the chosen reference conditions. As
the inlet gas-flow rates or the hydrogen utilization are increased, the time required to reach a steady-state decreases. With increased flow
rates of the anode and cathode gases, the average current density is high and the total concentration is low. The current density increases
with increasing utilization of hydrogen.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The molten carbonate fuel cell (MCFC) is considered to
be a second-generation fuel cell. It has high efficiency and
lower emissions of NOx and SOx. It also has applicabil-
ity to both small- and large-scale plants[1]. At present, the
technology of MCFCs is at the stage of scale up to com-
mercialization. In this respect, the modelling of the system
becomes important.

In modelling and estimating the performance of MCFCs,
many operating parameters are related to each other. Param-
eters such as mass- and heat-transfer, chemical reactions and
electrical correlations are used to estimate performances of
MCFC. Many numerical analyses of MCFC have been un-
dertaken. For example, Sampath and Sammels[2] have de-
veloped a numerical analysis model for an isothermal unit
fuel cell, Watanabe et al.[3] have analyzed the cooling char-
acteristics of the cathode, Wolf and Wilemski[4] have stud-
ied temperature distributions, and Cao and Masubuchi[5]
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have defined the dynamic characteristics of temperature in
a unit cell.

Many cell and stack models are based on macroscopic
balances of the electrochemical reactors. In other words, a
simplified model of cell performance has been applied. On
the other hand, Kobayashi et al.[6] and Fujimura et al.
[7] have calculated temperature distributions of single cells
and stacks by applying mass-transfer to the chemical reac-
tions that occur in the fuel cell and have applied a thin-film
cylindrical-pore model to study the relation between current
density and cell voltage. Likewise, micromodels of the elec-
trodekinetics[6–10] and the effects of the gas cross-over
phenomena through the electrolyte have been examined[11].
In addition, Yoshiba et al.[3] have used numerical analysis
to compare the stack performance of various gas-flow types.

In this research, mathematical modelling of a parallel-flow
unsteady-state MCFC has been performed. The behaviour
of the fuel cell in terms of changes in the electrochemical
reactions with time, distribution of the current density and
cell temperature and mole fractions of gases at the initial
stage of the operation are observed. Such a study of the
intial behaviour of the system will help understand how the
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system will recover to the steady-state after sudden changes
in operating conditions.

2. Mathematical modelling

2.1. MCFC system

The reactions in an MCFC are reduction of oxidant gas at
the cathode (positive) electrode and oxidation of fuel gas at
the anode (negative) electrode. The oxidant gas in the cath-
ode gas channel forms carbonate ions, as shown byEq. (1).
These ions are transported to the anode through the elec-
trolyte matrix, and water and carbon dioxide are formed in
the anode reaction, as shown byEq. (2), i.e.,

Cathode : CO2 + 1
2O2 + 2e− → CO3

2− (1)

Anode : H2 + CO3
2− → CO2 + H2O + 2e− (2)

The anode reactions also include the water–gas shift reac-
tion, whereby the carbon dioxide formed viaEq. (2) reacts
with hydrogen and produces carbon monoxide and water.
This shift reaction provides the additional fuel, i.e., H2 in
the anode gas[12]. Because of this, the utilization of fuel in
MCFC can exceed the utilization of H2 based on the inlet
concentration of H2.

Heat is generated in the electrode–electrolyte plate by the
electrochemical reaction and the water–gas shift reaction.
The generated heat is transferred to the other parts of fuel
cell by conduction, convection and radiation. Unsteady-state
energy balance equations can be formulated to include these
heat-transfer processes and time-change terms. Similar equa-
tions can also be developed for the convectional and the
diffusional transfers, the electrochemical reaction and the
time-change terms.

A schematic diagram of a parallel-flow unit MCFC
with a cross-sectional area of 10 cm× 10 cm is shown
in Fig. 1. Most assumptions used in this modelling are
the same as those used in steady-state modelling[13–16].
Rectangular gas channels are assumed, and the anode, elec-

Fig. 1. Schematic diagram of co-flow type MCFC.

Table 1
Dimensions and conditions of MCFC used in mathematical modelling

Length (L, cm) 10
Width (W, cm) 10

Thickness (cm) Separator (bs) 0.2
Gas channel (bg) 0.2
Anode electrode (bea) 0.07
Electrolyte plate (bem):
cathode electrode (bec)

0.1: 0.06

Flow rate ( mol h−1) Anode gas 0.88
Cathode gas 1.05

Composition Anode gas H2 0.68; CO2 0.08;
CO 0.12; H2O 0.12

Cathode gas O2 0.33, CO2 0.67

trolyte plate and cathode are considered to be one uniform
electrode–electrolyte plate. The conduction heat-transfer in
this electrode–electrolyte plate is examined. The thermal
conductivity of the electrode–electrolyte plate is calculated
as a combination of the thermal conductivities of the anode,
the electrolyte and the cathode. The properties of the anode
gas, the electrode–electrolyte plate and the cathode gas are
assumed to be constant along the thickness direction. Only
convectional heat transter is considered in the gas channels.
Heat loss from the side of fuel cell is ignored. The same
parameter values used in our previous steady-state analyses
[13–16] are used in this modelling. The dimensions and
operating conditions of the modelling are given inTable 1.

2.2. Governing equations

The equation of the mass and energy balances are es-
tablished by adding time-change terms to the steady-state
equations.

2.2.1. Mass-balance equations and the current
density–voltage relationship

The mass-balance equation for the cathode gas includes
the convection mass-transfer, the electrochemical reaction
and the time-change term. The anode mass-balance equation
includes a term for the water gas shift reaction.

For cathode gas:

− 1

�y

∂(ncxk)

∂x
+ vEc,k

i

2F
= d(Cck)

dt
(3)

where: νEck is the stoichiometric coefficient of the
k-component concentration in the anode gas;nc is the
molar flow rate (gmol/s cm3), Cck is the k-component con-
centration in the cathode gas (gmol/cm3), F is the Faraday
constant.

For anode gas:
The amount of mass change due to the water–gas shift

reaction is added to the mass-balance equation of anode gas,
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i.e.,

− 1

�y

∂(naxk)

∂x
+ vEa,k

i

2F
+ vsk

ns

�x�y
= d(Cak)

dt
(4)

where:Cak is the k-component concentration in the anode
gas;νsk is the stoichiometric coefficient in the water–gas
shift reaction. The molar flow rate of hydrogen in the anode
gas (naxH2) at an arbitrary position is calculated using the
total conversion of hydrogen at the exit of gas channel. The
conversion of hydrogen (xH2) in each element (dx) of the
gas channel is deduced for the number of elements (N: 20
in this research) and the total conversion of hydrogen (UH2)
as given by:

x = 1 − (1 − UH2)
1/N (5)

The molar flow rates of CO2, CO, H2O and O2 in the
cathode gas and CO2 in the anode gas are calculated from
a combination of the electrochemical reaction and the con-
version of hydrogen. For the water–gas shift reaction, the
equation of equilibrium-state is used[17,18].

The current density and the cell voltage have the following
relationship:

V = (VcN − VaN) − iZ (6)

The equilibrium potentials of the anode and the cathode,
VaN andVcN , are derived from the Nernst equation[12]. The
effective cell resistance,Z in Eq. (6), is the sum of the ohmic
resistance (Rohm) and the polarization resistances (Za and
Zc). The latter, which has been suggested by Selman[19]
to be a function of the partial pressures of each component
and temperature, are used in this research, i.e.,

Za = 2 × 0.4567× 10−7(pH2)
−1.801

× (pCO)
1.533(pCO2)

−1.480exp

(
13140

T

)
(7)

Zc = 7.504× 10−6(pO2)
−0.43(pCO2)

−0.09exp

(
9361

T

)
(8)

SubstitutingVcN , VaN , Rohm and Z into theEq. (6), the
following equation is obtained:

V = (V o
a − V o

c ) + RT

2F
ln

(
XcCX

1/2
O XH

XWXaC

)
− iZ (9)

Then, the local current density can be calculated with the
cell voltage and the gas compositions.

2.2.2. Energy-balance equations
The equations of energy balance for the upper and

the lower separators, anode and cathode gases and the
electrode–electrolyte plate are developed. In the same way
as the mass-balance equations, the energy-balance equations
are built by adding time-change items to the steady-state
equations[20,21].

For cathode gas:

− ∂

∂x
(mcCpcTgc) + hegc(Te − Tgc) + hsgc(Ts − Tgc)

+
∑
k

GcCpc,kbgTgc + Qs

W�y
= bgρgcCpgc

dTgc

dt
(10)

b.c. atx = 0, all y; Tgc = Ti
The heat of electrochemical reaction,qE (J cm−2), is ob-

tained as follows[12].

qE = i

(
−�HE

2F
+ V

)
(11)

where,∆HE (J/mol) is the enthalpy change caused by the
electrochemical reaction[17].

For anode gas:
The energy balance equation for the anode gas includes

the heat of the shift reaction as the mass-balance equation.

− ∂

∂x
(maCpaTga) + hega(Te − Tga) + hsga(Ts − Tga)

+
∑
k

GaCpa,kbgTga + Qs

W�x
= bgρgaCpga

dTga

dt
(12)

Boundary conditions: atx = 0, all y; Tga = Ti .
For the upper and the lower separators:

−∂2Ts

∂x2
+ ∂2Ts

∂y2
+ hres

bsks
(Te − Ts) + hrsg

bsks
(Tg − Ts)

+ hrsb

bsks
(Tb − Ts) = ρsCps

dTs

dt
(13)

Boundary condition: atx = 0 andx = L, all y; ∂Ts/∂x = 0;
at all x, y = 0 andy = W; ∂Ts/∂y = 0.
For the electrode–electrolyte plate:

−∂2Te

∂x2
+ ∂2Te

∂y2
+ hres

beke
(Te − Ts) + hres

beke
(Te − Ts)

+ hres

beke
(Te − Tga) + hega

beke
(Te − Tga)

+ hegc

beke
(Te − Tgc) + qE

beke
= ρeCpe

dTe

dt
(14)

at x = 0 andx = L, all y; ∂Te/∂x = 0;
at x, y = 0 andy = W; y = W; all y; ∂Te/∂y = 0.

2.3. Analytical methods of calculations

All mass- and energy-balance equations are changed into
dimensionless equations and then into finite difference equa-
tions. The current density, temperature, power and conver-
sion of gases are obtained as a function of time. The time
required to reach a steady-state is also obtained. The calcu-
lations are performed with a fixed value for the cell voltage
[13–16].

The initial concentrations of the gases are obtained with
the equation of state, and all the initial temperatures in the
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interiors and the boundaries of the MCFC are assumed to
be 923 K (650◦C).

The degree of freedom in the system is one. Equations for
a unit MCFC are solved after fixing one parameter, i.e., the
cell voltage. The current density at time (t+�t) is obtained
using Eq. (9). For calculations of the time changes of the
concentrations of the anode and cathode gases, the molar
flow rates of gases are estimated using the utilization of
hydrogen as inEq. (5). The reference total utilization of
hydrogen is assumed to have an experimental value of 0.4.
In case of the anode gas conversion by the water–gas shift
reaction is calculated using the equilibrium-state equation.
Then, the concentration and compositions of the anode gas
can be calculated. Similar calculations are undertaken for
the cathode gas. Using the obtained values, current density
distributions are calculated by a trial-and-error method.

Temperature distributions can be calculated by means of
Eqs. (10)–(14)All these calculation steps are repeated for
increasing time. When the changes in the molar flow rates of
both gases become negligible, the calculations are stopped
and it is assumed that a steady-state is reached. Dimensions,
flow rates and gas compositions of the unit MCFC used in
the modelling are inTable 1.

3. Results and discussion

Equations for the 10 cm× 10 cm MCFC unit cell were
solved after fixing one parameter, i.e., the cell voltage,
0.93 V. Cell performances, the time reaching a steady-state,
gas compositions and conversions were calculated and com-
pared at different utilizations of hydrogen and molar flow
rates of the fuel gas.

3.1. Time changes of current density and gas compositions

Distributions of hydrogen composition along the direction
of gas flow at different times are given inFig. 2. Calcula-
tions were made at a constant cell voltage of 0.93 V. The
time to reach a steady-state was taken as the time when the
changes in gas compositions in the gas channel became neg-
ligible with respect to time. The graph shows that the time
changes of the gas composition along the direction of gas
flow become small as the system approaches a steady-state.
Here, 5.8 s is the time to reach a steady-state when the mo-
lar flow rate of the cathode gas is 0.44 mol h−1 and the fuel
gas utilization is 0.4. It reaches a steady-state very quickly
because the size of fuel cell is small and the flow rate of fuel
gas is large. At the initial stages of operation, the slope of
the distribution curve is small, but increases slightly as time
passes.

The distribution of current density along the direction of
gas flow at different times is presented inFig. 3. The trend is
similar as that inFig. 2. This is because the current density
is related to the amount of reacted hydrogen in the anode. As
the anode gas flows, it is consumed by the electrochemical

 Dimensionless distance, x/L
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Fig. 2. Distribution of mole fraction of hydrogen (xH2) in anode gas
along direction of gas flow at different times. Anode gas-flow rate
= 0.44 mol h−1 (i.e., 0.5na,o); cell voltage= 0.93 V, UH2 = 0.4.

reaction in the electrode–electrolyte plate. Thus, the amount
of hydrogen decreases and the current density becomes low
along the direction of gas flow.

3.2. Effects of gas velocity

As the velocities of the anode and the cathode gases be-
come fast, the time to reach a steady-state become short.
The effects of the inlet molar flow rates of anode gas on the
gas fractions along the direction of gas flow after reaching a
steady-state are shown inFig. 4. Here,na,o refers to the ref-
erence molar flow rate of anode gas, i.e., 0.88 mol h−1 The
cathode gas-flow rate,nc,o is fixed. The sum of the fractions
of gases, such as H2, CO, CO2 and H2O in Fig. 4(a)–(d)
should be almost one.

When the anode flow rate is high, the fraction of hydrogen
is large and the difference from the inlet fraction of 0.68
becomes small. Hence, the curve atna,o is above the curves
at 0.5na,o and 0.1na,o. Even though the slopes of curves
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Fig. 3. Distribution of current density along direction of gas flow at
different times.
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Fig. 4. Steady-state distribution of mole fraction of each component in anode gas along direction of gas flow atna,o, 0.5na,o and 0.1na,o. (a) H2; (b)
CO; (c) CO2; and (d) H2O. Here,na,o is the reference inlet anode gas-flow rate, i.e., 0.88 mol h−1. Flow rates of anode and cathode gases are changed
in the same ratio.

are rather uniform, they are slightly larger at the entrance.
This is due to the high concentration of hydrogen at the
entrance and it is related to the high current density at the
entrance. Additionally, when the anode flow rate is high, the
rate of hydrogen consumption is faster and the distribution
curve changes more rapidly along thex-direction as shown
in Fig. 4a. CO in the anode is related to the water gas shift
reaction in the anode gas. Even though the changes in the
slopes of the curves inFig. 4bare very small, the trends are
similar to those of hydrogen inFig. 4a.

As mentioned above, the fraction of hydrogen at the en-
trance is large when the anode gas-flow rate is high. By
contrast, the amount of carbonate ions from the cathode is
relatively constant, since the cathode gas-flow rate has been
fixed. Hence, when the anode flow rate is large, the fractions
of CO2 and H2O in the anode gas, which are generated from
the carbonate ions, are small as shown inFig. 4(c) and (d).

As mentioned above, the molar flow rate at the entrance
will affect the time taken to reach a steady-state and the
concentration distribution in the gas channel. The change
in the total anode concentration with time at the centre (x
= 0.5L) of the cell for different molar flow rates of anode
gas is given inFig. 5. The molar flow rate of the cathode gas
changes in the same ratio as that of the anode gas. As time
passes, the total anode concentration increases and reaches a
steady-state. On the other hand, the total cathode concentra-

tion decreases and reaches a steady-state value. This is be-
cause the total mole number of anode gas increases and the
total mole number of cathode gas decreases after the elec-
trochemical reaction. As shown inFig. 4, when the molar
flow rate is large, the time to reach a steady-state is short. In
spite of the large molar flow rate, the concentration is lower

Fig. 5. Time changes of anode concentration at centre (x/L = 0.5) of cell
at na,o, 0.5na,o and 0.1na,o. Here,na,o is reference inlet anode gas-flow
rate, i.e., 0.88 mol h−1. Flow rates of anode and cathode gases are changed
in the same ratio.
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Fig. 6. Steady-state distribution of current density along direction of gas
flow at different inlet anode gas-flow rates. Here,na,o is the reference
value of inlet anode gas-flow rate, i.e., 0.88 mol h−1. Flow rates of anode
and cathode gases are changed in same ratio.

than that at a small flow rate due to greater consumption of
hydrogen in the electrochemical reaction.

The molar flow rates of anode and cathode gases will
also affect the current density distribution in the fuel cell.
Changes in the current density distribution in the fuel cell
with the molar flow rate at the entrance are shown inFig. 6.
The large molar flow rate results in a high current density
distribution. It also results in a large change in current den-
sity through the fuel cell.

Changes in the average current density with the molar
flow rates of anode and cathode gases are presented in
Fig. 7. The larger the molar flow rates, the greater are the
amounts of gases that are introduced for the electrochemi-
cal reaction. Hence, the average current density is high at
a larger molar flow of gases. The average current density
is 0.14 A cm−2 at the reference conditions of this research,

Fig. 7. Time changes of average current density at the centre of the fuel
cell (x/L = 0.5) at na,o, 0.5na,o and 0.1na,o. Here, na,o is reference inlet
anode gas-flow rate, i.e., 0.88 mol h−1. Flow rates of inlet anode and
cathode gases wage are changed in same ratio.

i.e., na,o = 0.88 mol h−1. This value is similar to our exper-
imental data. The power of a fuel cell is a multiplication
of current and voltage. Since the cell voltage is fixed in the
process of calculation, the power is proportional to the cur-
rent in this research. In this respect, the time changes of the
cell power at different molar flow rates are changed in the
similar way as those of current density inFig. 7.

3.3. Effects of fuel utilization

The utilization of fuel gas, i.e., hydrogen, refers to the
fraction of fuel gas consumed in the fuel cell. Hydrogen is
consumed in the electrochemical reaction, and is also con-
sumed or generated in the water–gas shift reaction. The fuel
utilization is the sum of the results of the electrochemical re-
action and the water–gas shift reaction. It depends upon the
performance of the fuel cell. The effects of fuel utilization
can be seen inFig. 8, which is the graph of the total concen-
tration of anode gas at the centre of the fuel cell (x/L = 0.5)
versus time at different fuel utilizations. The steady-state to-
tal anode concentration is low at large fuel utilization. This
can be understood in relation toFig. 5. When the molar flow
rate is large, the steady-state anode concentration is low be-
cause of the great consumption of hydrogen.

The fuel utilization also affects the time required to reach
a steady-state. At a great utilization of fuel, the time is short,
as shown in Fig. 8. It can be concluded that the anode gas
concentration is mainly dependent upon the amount of con-
sumed hydrogen.

Changes in the average current density with time at differ-
ent fuel utilizations are given inFig. 9. When the fuel utiliza-
tion is great, more hydrogen is used in the electrochemical
reaction. Hence, the current density becomes high. The aver-
age current density is 0.23 A cm−2 at 0.8 utilization of fuel,
which is higher than 0.14 A cm−2 at 0.4 utilization of fuel.
The graph also shows that the time to reach a steady-state
is short at a high utilization of fuel, as explained inFig. 8.

Fig. 8. Time changes of the anode gas concentration at the centre of the
fuel cell (x/L = 0.5) for different H2 utilization.
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Fig. 9. Changes of average current density with time at different H2 uti-
lization. Here, inlet anode gas-flow rate (na,o) is constant at 0.88 mol h−1.

Fig. 10. Steady-state distribution of current density along direction of
anode gas-flow at different H2 gas utilization (UH2). Here, inlet anode
gas-flow rate (na,o) is constant at 0.88 mol h−1.

As time passes, the average current density decreases and
reaches a steady-state. Current density distributions in the
fuel cell after reaching a steady-state are presented inFig. 10.
A large utilization of fuel indicates that more hydrogen is
used. Hence, the current density is high at a large utilization
of fuel. At a small utilization of fuel such asUH2 = 0.2,
the change in current density through the fuel cell is very
small.

4. Conclusions

Mathematical modelling of the unsteady-state of an
MCFC (10 cm× 10 cm) has been studied. The behaviour of
the fuel cell such as changes in electrochemical reactions,
in distributions of the current density and cell temperature
and in mole fractions of gases at the beginning of the op-
eration has been examined. The effects of the molar flow
rates of anode and cathode gases and the utilizations of

fuel gas have been studied. The following conclusions are
reached.

1. The fuel cell attains a steady-state very quickly because
the size of unit fuel cell is small and the flow rate of
fuel gas is large. The time to achieve a steady-state is
0.58 s and the corresponding average current density is
0.14 A cm−2 at the reference conditions such as 0.93 V,
anode gas-flow rate 0.44 mol h−1 and hydrogen utiliza-
tion 0.4.

The total concentration of anode gas increases with
time and reaches a steady-state value. On the other hand,
that of cathode gas decreases with time and reaches a
steady-state value. The average current density also de-
creases with time and reaches a steady-state value.

2. When the flow rate of anode gas is increased with a fixed
flow rate of cathode gas, the rate of hydrogen consump-
tion becomes faster and the distribution curve changes
more rapidly along the direction of gas flow.

3. When the molar flow rates of the anode and cathode
gases are high, the following results are obtained. The
steady-state total concentration of anode gas is low and
of the cathode is high. The current density is high and
the changes in current density along the direction of gas
flow are large. Time changes in cell power at different
molar flow rates proceed in the same way as those of
current density.

4. When the utilization of fuel, i.e., hydrogen, is high, the
steady-state total anode gas concentration is low and the
current density is high. Time to reach a steady-state is
short.
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